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We investigate a possibility of pair electron-electron (e-e) collisions in a ballistic wire with spin-
orbit coupling and only one populated mode. Unlike in a spin-degenerate system, a combination of
spin-splitting in momentum space with a momentum-dependent spin-precession opens up a finite
phase space for pair e-e collisions around three distinct positions of the wire’s chemical potential.
For a short wire, we calculate corresponding resonant contributions to the conductance, which have
different power-law temperature dependencies, and, in some cases, vanish if the wire’s transverse
confinement potential is symmetric. Our results may explain the recently observed feature at the
lower conductance plateau in InAs wires.
The physics of electron-electron (e-e) collisions has
been widely approached in spin-degenerate one-
dimensional (1D) electron systems1. The conservation of
energy and momentum severely constraints e-e collisions
in ballistic 1D quantum wires. Finite contributions to
charge and heat transport2–4 and frictional drag5,6 orig-
inate from at least three-particle collisions, which also
provide a path for local equilibration. Such collisions in-
volve backscattering near the band bottom and have an
activated temperature (T ) dependence of the collision
rate, which leads to an exponentially large equilibration
length1,2. Pair e-e collisions are allowed only in inhomo-
geneous 1D wires7, which is in stark contrast to multi-
mode wires8 and constrictions9. In the limit of infinite
fully equilibrated ballistic wire the e-e collisions result in
a finite negative correction to conductance, depending on
T and dimensionality of the wire’s cross-section10,11.
Spin-orbit coupling (SOC) correlates spin and momen-
tum degrees of freedom of an electron in solid state de-
vices, which is known as helicity. Beyond 1D, helic-
ity manifests in a number of spin-related effects such
as ballistic spin-resonance12, spin-resolved transverse fo-
cusing13,14 and all-electric spin-polarization15–17. At a
first glance, helicity plays no role in 1D, for the SOC
term can be eliminated by a gauge transformation, see,
e.g., Refs.18,19. Yet, in any realistic quantum wire, the
SOC-mediated subbands mixing revives the helicity in
the form of momentum-dependent spin precession20,21.
In spite of the fact that a single-particle conductance re-
mains unaffected22, this opens a finite phase space for
pair e-e collisions in quantum wires with only one pop-
ulated mode, in an analogy to the case of generic helical
liquids23–25.
In quasi-1D quantum wires, which we consider here,
the impact of SOC on the electronic band structure is
twofold. First, the spin degeneracy is lifted such that
the lowest electronic subband splits in two branches in
the momentum space, see Fig. 1. Second, a transverse
spin-texture is formed in the confinement direction of
FIG. 1. A sketch of the dependence of conductance of a spin-
orbit coupled quasi-1D quantum wire on the chemical poten-
tial in the non-interacting case (dashed line) and with pair
e-e scattering processes taken into account (solid line). The
relative strength of the conductance dips is not universal and
depends on the details of the wire confinement and interac-
tion potential. Insets: e-e scattering processes involved in
corresponding conductance resonances shown by arrows on
the dispersion relations. Red and blue branches correspond,
respectively, to + and - spin branches of the dispersion rela-
tion, crossing at k = 0. Mirror-symmetric counterparts of the
processes a, b1, b2, and b4 are obtained by simultaneous flip
of momenta (k → −k) and spin branches (+↔ −).
the wire20,21, which gives rise to the already mentioned
momentum-dependent precession of the electron’s aver-
age spin. We observe that the combination of the two
effects allows for a unique wealth of possibilities for pair
e-e collisions within the lowest subband of a clean quasi-
1D wire with the SOC. In the short wire limit, we cal-
culate several e-e collision processes, which give rise to
three distinct resonances in conductance as a function
of the chemical potential, see Fig. 1. The corresponding
contributions have power-law T -dependencies, which is
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2dramatically stronger compared to the three-particle col-
lisions in spin-degenerate case2. In addition, some of the
e-e contributions, including the strongest linear in T neg-
ative term, vanish in the case of symmetric transverse
confinement potential, providing a tool for a straightfor-
ward test of our theory26–28. Our results may explain the
origin of a helical gap-like feature recently observed in a
ballistic InAs nanowire29 and pave the way towards all-
electrical control of e-e collisions in clean quantum wires
with strong SOC30,31.
Consider a sufficiently long quantum wire patterned
in a two-dimensional electron gas with Rashba spin-orbit
interaction. We assume that the electron gas is located in
the xz plane, the conducting wire is directed along x, and
the motion of electrons is quantized in the z direction.
Hence the Hamiltonian is of the form
Hˆ =
pˆ2x
2m
+
pˆ2z
2m
+ U(z) + α (σˆz pˆx − σˆx pˆz) , (1)
where U(z) is the transverse confining potential and
α is the parameter of Rashba spin-orbit interaction.
We restrict ourselves to the case where the Fermi level
crosses only the lower subband of transverse quantiza-
tion. Should there be no higher subbands, the energy
spectrum of this system would consist of two shifted
parabolas E±(k) = ~2k2/2m ∓ α~k, where the + and
− signs correspond to the two different spin projections
on the z axis. In this case, a spin-independent e-e in-
teraction would conserve the number of left-moving and
right-moving electrons and hence would not affect the
electrical conductance of the wire. This is in line with
the notion that in a strictly 1D wire, the spin-orbit in-
teraction does not affect the electron transport. Things
change if one takes into account the existence of higher
subbands above the Fermi level, i. e. the possibility of
transverse motion. Then the wave functions correspond-
ing to the lower branches of the spectrum become mix-
tures of k-dependent components with different spin pro-
jections, and the Coulomb interaction between electrons
may result in transitions between them, which affect the
conductance.
For simplicity, we take into account only one higher
subband, whose bottom is separated from the bottom of
lower subband by an energy ∆0. One easily finds the
dispersion laws for the two lower branches in the form
ε±(k) =
∆0
2
+
~2k2
2m
−
√(
∆0
2
± α~k
)2
+ ξ2, (2)
where ξ = α 〈1|pˆz|2〉 is proportional to the matrix ele-
ment of pˆz between the transverse wave functions of the
first and second subbands ϕ1(z) and ϕ2(z). The spin-
dependent wave functions corresponding to ε± are of the
form
ψk±(x, z) = eikx
(
u1,2(k)ϕ1,2(z)
d2,1(k)ϕ2,1(z)
)
, (3)
where the first and second subscripts correspond to the
upper and lower signs in the left-hand side. We assume
that ∆0 is much larger than V and mα
2, so the factors
ui and di may be expanded in 1/∆0. This gives us
u1 = 1− 1
2
ξ2
∆20
, u2 = −i ξ
∆0
(
1− 2 α~k
∆0
)
,
d1(k) = u1(−k), d2(k) = u2(−k).
(4)
For noninteracting electrons, the first conductance
plateau would be unaffected by the admixture of the sec-
ond transverse-quantization subband. To take into ac-
count the e-e scattering, we use the Boltzmann equation
vi
∂
∂x
fi(x) = Ieei (x), (5)
where fi(x) is the distribution function, the quantum
number i includes both the wave vector and the branch
index ±, vi = ~−1 ∂εi/∂k is the velocity for the given
branch, and the e-e collision integral in the right-hand
side is given by the standard expression
Ieei (x) =
∑
i′
∑
j
∑
j′
[J(jj′ → ii′)− J(ii′ → jj′)],
J(jj′ → ii′) = Wii′,jj′ fjfj′(1− fi)(1− fi′).
(6)
In the Born approximation, the transition probabilities
W are given by the standard expression
Wii′,jj′ =
2pi
~
δ(εi + εi′ − εj − εj′)
× ∣∣〈ii′|V |jj′〉 − 〈ii′|V |j′j〉∣∣2, (7)
where V (x−x′, z, z′) is the potential of two-particle inter-
action. In what follows, we use the notation 〈ii′|V |jj′〉−
〈ii′|V |j′j〉 ≡ δki+ki′ ,kj+kj′ 〈〈ii′|jj′〉〉.
As shown by Lunde et al.8, the correction to the cur-
rent from a particle-conserving scattering is given by
∆I = e
∑
i
Θ(vi)
∫ L0
0
dx′ Ieei (x′), (8)
where L0 is the length of the wire, so that ∆I is propor-
tional to the rate of collisions that change the number
of right-moving electrons2. Here, we calculate ∆I in the
lowest approximation in the e-e scattering. Therefore
it is assumed that the right-moving and left-moving elec-
trons are described by Fermi distributions f0(ε−µL) and
f0(ε−µR), where µL and µR are the chemical potentials
in the left and right reservoirs.
Because of momentum and energy conservation, the
electronic collisions can change the number of right-
movers only if one or more electrons change the branch of
spectrum. The transitions take place only near the Fermi
level, and they are possible only for its three different po-
sitions that allow an intrabranch and interbranch or two
different interbranch transitions with the same momen-
tum transfer. Hence the conductance has resonance-type
peculiarities near these positions similar to those pre-
dicted in Ref.8 for the wire with two populated modes.
3Should the transition probability W be momentum-
independent, the resulting corrections would have a lin-
ear T dependence because of the conservation laws. How-
ever because the quantum states involved in scattering
are not spin-degenerate, the competition between the di-
rect and exchange interaction in Eq. (7) results in power-
law dependence of W on the small momentum differ-
ence of the order of T/vi. Therefore for most transitions,
the correction to the conductance is proportional to the
power of T higher than one. The only exception is the
scattering process b4, see Fig. 1, for which these interac-
tions correspond to very different momentum transfers.
The position of the lower resonance is determined
from the condition kR−(µ) − kL−(µ) = kL+(µ) − kR−(µ) =
kR+(µ)−kL+(µ), where the superscripts R and L denote the
direction of velocity, and corresponds to chemical poten-
tial µa ≈ −(3/8)α2m. There are two mirror-symmetric
transitions, each of them changing the number of right-
movers by two (inset a in Fig. 1). The difference of direct
and exchange matrix elements in Eq. (7) equals
〈〈R−R′−|L−L+〉〉 = 4
ξα~ (kR− − kR
′
− )
∆20
V1112
(αm
~
)
, (9)
where V1112(αm/~) is the Fourier component of the ma-
trix element involving three transverse eigenfunctions
ϕ1(z) and one ϕ2(z) and corresponding to the longitu-
dinal momentum transfer αm/~. Note that it is nonzero
only for a wire with asymmetric confining potential. The
total negative correction to the conductance from the
lower resonance is given by
∆Ga = − 2
12
3pi2
e2
~
L0
α
(
ξ
∆0
)2 ∣∣∣∣V1112(αm/~)α∆0
∣∣∣∣2
×
(
T
~
)3
Fa
(
µ− µa
T
)
, (10)
where Fa(x) = x
2 (x2 + pi2)/ sinh2(x) has a sharp reso-
nance at x = 0 and exponentially falls down away from
it. The small T 3 factor is due to the small difference of
the two initial or final wave vectors in Eq. (9).
A wealth of transitions contributing to the current is
available at µ = µb ≈ 0 that coincides with the crossing
point of the + and - branches of the spectrum. The four
basic types of possible transitions at this point are shown
in the insets b1−b4 of Fig. 1, and processes b1, b2, and b4
have also mirror-symmetric counterparts. The transition
b1involves the extreme left and right portions of the spec-
trum and one of the branches at the intersection point.
The difference of matrix elements equals
〈〈R+L−|L+L′+〉〉
= 4
ξα~ (kL+ − kL
′
+ )
∆20
V1112
(
2αm
~
)
. (11)
which results in a negative correction to the conductance
similar to Eq. (10)
∆G
(1)
b = −
1
12pi2
e2
~
L0
α
(
ξ
∆0
)2 ∣∣∣∣V1112(2αm/~)α∆0
∣∣∣∣2
×
(
T
~
)3
F
(1)
b
(
µ− µb
T
)
, (12)
where F
(1)
b (x) = (x
2 + pi2)(x2 + 9pi2)/ cosh2(x/2).
The scattering process b2 involves transitions in the
immediate vicinity of the crossing point of the branches
and consists in a jump of one electron along the +
branch with a simultaneous transition of another elec-
tron from + to - branch. This is the direct analog of
the g5 process in
24, and the corresponding correction
to the conductance ∆G
(2)
b is obtained by substituting
V1112(0) for V1112(2αm/~) in Eq. (12). Note that
∆G
(2)
b ∼ T 3 comes here from the linear dependence of the
spin-precession angle on electron’s momentum in eq. (4),
which is in contrast to a quadratic momentum depen-
dence and ∆G ∼ T 5 in the helical liquid case23,24.
There is also another process that takes place near the
crossing point and involves a simultaneous change of the
branch and direction of motion by two electrons (b3 in
Fig. 1). The difference of matrix elements for this process
〈〈R−R′−|L+L′+〉〉 = −16 ∆−40 ξ2α2~2
× (kR− − kR
′
− )(k
L
+ − kL
′
+ )V1212(0) (13)
leads to a contribution to the conductance
∆G
(3)
b = −
212
9pi2
e2
~
L0
α
(
ξ
∆0
)4 ∣∣∣∣V1212(0)α∆0
∣∣∣∣2
× T
5
~3 ∆20
F
(2)
b
(
µ− µb
T
)
, (14)
where F
(2)
b (x) = x
2 (x2 + pi2)2/ sinh2(x). This correction
is proportional to T 5 rather than T 3 because the matrix
element Eq. (13) is proportional to T 2, but unlike Eq.
(12) it contains V1212 that does not vanish for a sym-
metric wire. Moreover, the matrix element of Coulomb
interaction may be much larger for the nearly zero mo-
mentum transfer in Eq. (14) than for momentum transfer
of 2αm in Eq. (12).
The fourth type of scattering processes, b4, involves an
extreme left or right portion of the spectrum and its both
branches at the intersection. The difference
〈〈R−R+|L−R′+〉〉 = 4
ξ
∆0
[
2
α2m
∆0
V1112
(
2αm
~
)
− α~ (k
R
− + k
L
+)
∆0
V1112(0)
]
(15)
contains matrix elements of Coulomb interaction both
with zero and finite momentum transfer. This type of
scattering changes the number of right-movers by only
4one at a time, and the total contribution to the conduc-
tance from this process and its mirror-symmetric coun-
terpart equals
∆G
(4)
b = −
2
pi2
e2
~
L0
α
(
ξ
∆0
)2
×
[
2
(
α2m
~
)2 ∣∣∣∣V1112(2αm/~)α∆0
∣∣∣∣2 T~ F (3)b
(
µ− µb
T
)
− 4
3
α2m
~
∣∣∣∣V1112(0)V1112(2αm/~)α2 ∆20
∣∣∣∣ (T~
)2
F
(4)
b
(
µ− µb
T
)
+
1
4
∣∣∣∣V1112(0)α∆0
∣∣∣∣2(T~
)3
F
(5)
b
(
µ− µb
T
)]
, (16)
where F
(3)
b (x) = (x
2 + pi2)/ cosh2(x/2), F
(4)
b (x) =
xF
(3)
b (x), and F
(5)
b (x) = (x
2 + pi2)F
(3)
b (x). This con-
tribution to the conductance starts with a linear in tem-
perature term and may exhibit nonmonotone dependence
on it because it involves different matrix elements of V .
One more conductance resonance is located above the
intersection point, and the corresponding chemical poten-
tial is determined from the condition kL+(µ) − kR−(µ) =
kR−(µ) − kL+(µ) = kR+(µ) − kR−(µ), which is satisfied at
µc ≈ (3/2)α2m. The two mirror-symmetric processes
shown in Fig. 1 involve two opposite portions of one of
the branches and two states on the other branch in the
middle between them. Any of these processes results in
a change of direction of motion for one electron. The
difference of matrix elements for the first of them equals
〈〈R−L−|V |L+L′+〉〉 = −64
×
(
ξ
∆0
)2
α2m
∆0
α~ (kL+ − kL
′
+ )
∆0
V1212
(
2αm
~
)
. (17)
The correction to the conductance from this process and
its mirror-symmetric equals
∆Gc = − 4
3pi2
e2
~
L0
α
(
mα2
∆0
)2(
ξ
∆0
)4
×
∣∣∣∣V1212(2αm/~)α∆0
∣∣∣∣2(T~
)3
Fc
(
µ− µb
T
)
, (18)
where Fc(x) = (x
2 + 9pi2)F
(3)
b (x). Because of the small
momentum difference in Eq. (17), this correction is also
of the order T 3, but it does not vanish for a symmetric
confining potential.
Our calculations demonstrate that pair e-e collisions,
allowed in a quasi-1D single-mode quantum wire with
the SOC, give rise to power-law T -dependent conduc-
tance contributions at distinct values of the wire’s chem-
ical potential. Obviously, this effect has a direct conse-
quence for non-equilibrium dynamics in clean quantum
wires and could dramatically reduce the low T equili-
bration length compared to its exponentially large val-
ues in spin-degenerate wires1–3. The conductance con-
tributions also strongly depend on the asymmetry of the
wire’s confinement, e.g., the T -dependence at µ = µb
changes from ∆G ∼ T 5 in transverse symmetric wire
to ∆G ∼ T in presence of asymmetry. Recent progress
in fabrication of clean gated semiconducting nanowires
with strong Rashba-type SOC29,31 makes possible a di-
rect experimental test of our predictions. Using the SOC
parameter ~α = 1.2 eVA˚ from Ref.29, we estimate for a
realistic 300 nm long and 50 nm wide transverse asym-
metric InAs wire ξ ∼ ~α/W ∼ 10−3 eV and a conduc-
tance dip of ∆G
(3)
b ∼ −0.1e2/h near the band-crossing
point at T = 4 K, which is well within the reach for ex-
perimentalists. Although we are not aware of the exper-
imental observations of such a T -dependent conductance
dip, note that a comparable dip was observed recently29
upon the application of a few mV bias voltage, which we
expect to have a similar effect as finite temperature32,33.
In summary, we have calculated the conductance of
a ballistic quantum wire where the spin-orbit coupling
mixes together different transverse modes. We have
shown that the two-particle electron scattering results
in resonance-type dips in the first conductance plateau.
The correction to the conductance is much larger than
in the case of generic helical liquids because of the lin-
ear dependence of the spin-precession angle on electron’s
momentum and the coexistence of processes with small
and large momentum transfers.
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